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Abstract
1
(comprehensive Gr\"obner basis) (comprehensive Gr\"obner system)
Volker Weispfenning 1992 [7]
Montes DispGB $[1, 2]$ , ACGB $[4, 5]$ , Weispfenning CCGB [8]
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2
$K$ $L$ $\overline{X}=\{X_{1}, \ldots, X_{n}\}$
$\overline{A}=\{A_{1}, \ldots , A_{m}\}$ $\overline{X}\cap\overline{A}\neq\emptyset$ $T(\overline{X})$ $<\mathrm{x}$
$F\subseteq K[\overline{A}]$ $V(F)\subseteq K^{m}$ $V(F)=\{\overline{a}\in L^{m} : (\forall f\in F)f(\overline{a})=0\}$
$f\in K[\overline{A}]$ $V(f)=V(\{f\})$
$\overline{a}\in L^{m}$ (specialization homomorphism) $\sigma_{\overline{a}}$ : $K[\overline{A}]arrow L$ $A_{:}$ $a_{i}$
$\sigma_{\overline{a}}$ : $K[\overline{X},\overline{A}]arrow L[\overline{X}]$
1 $F$ $K[\mathrm{X}$, $S\subseteq L^{m}$ $\mathcal{G}=$
{ $(S_{1},G_{1}),$ $\ldots.$ , ( , $G_{\mathrm{t}})$ } $F$ $S$
1. $S_{1},$ $\cdots,$ $S_{\iota}$ $L^{m}$ $G_{1},$ $\ldots$ , $G_{l}$ $K[\overline{X},\overline{A}]$
2. $S_{1}\cup\cdots\cup S\downarrow\supseteq S$
3. $i=1,$ $\ldots,l$ $\overline{a}\in S_{1}$ $\sigma_{\overline{a}}[G_{1}|$ $\sigma_{\overline{a}}[F]$ $L[\overline{X}]$
$F$ $L^{m}$ $F$
2 $F$ $G$ $K[\overline{X},\overline{A}]$ $G$ $F$ $\{(L^{m},G)\}$
$F$
$f\in K[\mathrm{f},\overline{A}]$ h (f) $\in K\text{ }$
$f\in(K[\overline{A}])[\overline{X}]$
1 $F$ $K[\mathrm{X},\overline{A}]$ $\overline{X}\cup\overline{A}$ $T(\overline{X},\overline{A})$ $<_{\overline{X},\overline{A}}$ $<_{\overline{X}}$
$\overline{X}\gg_{\overline{X},x^{\overline{A}}}$ $G$ $K[\overline{X},\overline{A}]$ $\langle F\rangle$ <\mbox{\boldmath $\lambda$},
$g\in G\backslash K[\overline{A}]$ $\mathrm{h}\mathrm{c}_{\overline{A}}(g)(\overline{a})\neq 0$ $\overline{a}\in V((F\rangle\cap K[\overline{A}])$
$L[\overline{X}]$ $\sigma_{\overline{a}}[G]$ ($\sigma_{\overline{a}}[F]\rangle$
$\overline{a}$ $\{\mathrm{h}\mathrm{t}_{\overline{A}}(g) : g\in G\}\backslash \{0\}=\{\mathrm{h}\mathrm{t}(g’) : g’\in\sigma_{\overline{a}}[G]\}\backslash \{0\}$
$\sigma_{a}$-[G] $\langle$ \mbox{\boldmath $\sigma$}\mbox{\boldmath $\delta$}[ \rangle $G\subseteq(F\rangle$
$F\subseteq K[\overline{X},\overline{A}]$ $V(\langle F\rangle\cap K[\overline{A}])$
G X- A- K[\mbox{\boldmath $\chi$},A] (F$\rangle$
$\{h_{1}, \ldots, h_{l}\}=\{\mathrm{h}\mathrm{c}_{\overline{A}}(g) : g\in G\backslash K[\overline{A}]\}$ $h=1\mathrm{c}\mathrm{m}\{h_{1}, \cdots, h_{l}\}\in K[\overline{A}]$ o
$\overline{a}\in V((F\rangle\cap K[\overline{A}])\backslash V(h)$ $h(\overline{a})\neq 0$ $\sigma_{\overline{a}}[G]$ $\langle\sigma_{\overline{a}}[F]\rangle$
$\{(V(\langle F\rangle\cap K[\overline{A}])\backslash V(h), G)\}$ $F$ $V(\langle F\rangle\cap K[A])\backslash V(h)$
o $V((F\rangle\cap K[\overline{A}])\backslash V(h)=V(\langle F\rangle\cap K[\overline{A}|)\backslash V(\langle F\cup\{h\}\rangle\cap K[\overline{A}])$ $F$
V({FU{h} $\rangle$ \cap K[A-]) $\text{ }V((FU\{h\})\cap K[\overline{A}])=$
$V((FU\{h_{1}\}\rangle\cap K[\overline{A}])U\cdots UV(\{FU\{h_{l}\}\rangle\cap K[_{\ell}4])$ $V(\{FU\{h:\}\rangle\cap K[\overline{A}])(i=1, \ldots,\downarrow)$
$i=1,$ $\ldots,l$ $G_{i}$ $\overline{X}\gg\lambda$ { $F\cup\{h;\}\rangle$ $h_{i}’=$
$1\mathrm{c}\mathrm{m}\{\mathrm{h}\mathrm{c}_{\overline{A}}(g):g\in G_{i}\backslash K[\overline{A}]\}$ $\{(V(\langle FU\{h_{i}\}\rangle\cap K[\overline{A}])\backslash V(h_{1}’.), G:)\}$ $F\cup\{h:\}$
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$V((F\cup\{\text{ _{}:}\}\rangle\cap K[\overline{A}])\backslash V(h_{i}’)$ $\overline{a}\in V(\langle FU\{\text{ _{}j}\}\rangle\cap K[\overline{A}])\backslash V(h_{\mathrm{t}}’)$
,(a) $=0$ $\sigma_{\overline{a}}[F]\backslash \{0\}=\sigma_{\overline{a}}[FU\{h_{1}\}]\backslash \{0\}$ $\{V(\langle FU\{h_{j}\}\rangle\cap K[\overline{A}])\backslash V(\text{ _{}1}’), G_{1})\}$
$F$ $V$ ($FU$ { :})\V( ’:) $=V(\langle F\cup\{\text{ _{}:}\}\rangle\cap K[\overline{A}])\backslash V$ ( $\langle FU$ { i, $\text{ _{}1}’\}\rangle\cap K[\overline{A}]$ )
$V(\langle F\cup\{h_{i}, h_{i}’\}\rangle\cap K[\overline{A}])$
$\langle F\rangle\cap K[\overline{A}]$ - $\overline{a}\not\in V(\langle F\rangle\cap K[\overline{A}])$
(\mbox{\boldmath $\sigma$}a-[ \rangle $=\langle 1\rangle$
($F\cup S\rangle$
$Gs$ $\{h_{1}^{S}$ , ..., $\text{ _{}l}^{S},\}=\{\mathrm{h}\mathrm{c}_{\overline{A}}(g) : g\in c_{s}\backslash K[\overline{A}|\}$
$(F\cup SU\{\text{ _{}1}^{S}\}\rangle, \ldots, \langle FUSU\{h_{l}^{S},\})$ $G_{S}$
$i=1,$ $\ldots,l’$ $h_{i}^{S}\not\in\langle$$F\cup S)$ $(F\cup S)\subsetneq(FUS\cup\{\text{ _{}1}^{S}$. $\}\rangle$ $K[\overline{X},\overline{A}]$
$\subsetneq$- $l’$ K\"onig
CGSMain CGSMain
CGS CGS $F\subseteq K[\overline{X},\overline{A}]$
CGSMain
: $F\subseteq K[\overline{X},\overline{A}]$
$G:\approx \mathrm{R}\mathrm{e}\mathrm{d}\mathrm{u}\mathrm{c}\bullet \mathrm{d}\mathrm{G}\mathrm{B}(F, <\mathrm{x}_{A}-)$:
if $1\in G$ then
return $\emptyset$ :
else
$\{h_{1}, \cdots,h_{l}\}:=\{\mathrm{h}\mathrm{c}_{\overline{A}}(g) : \mathit{9}\in G\backslash K[\overline{A}]\}$;
$:=1\mathrm{c}\mathrm{m}\{h_{1}, \ldots, h_{l}\}$;
return $\{(V(G\mathrm{n}K[\overline{A}])\backslash V(h),G)\}U$




: $F\subseteq K[\overline{X},\overline{A}]$ , $<_{\overline{X}}$ : $T(\overline{X})$
$<_{\overline{X}.A}:=T(\overline{X},\overline{A})$ $\overline{X}\gg\overline{A}$ $<x$ ;
$\mathcal{G}:=\mathrm{C}\mathrm{G}\mathrm{S}\mathrm{N}\mathrm{a}\mathrm{i}\mathrm{n}(F)$ ;
$S:=\cup\{S’ : (\exists G’)(S’,G’)\in \mathcal{G}\}$ ;
return $\{(L^{m}\backslash S, \{1\})\}\mathrm{U}\mathcal{G}$ ;
end.
3
– $\{(S_{1},G_{1}), \ldots, (S_{l},G_{l})\}$ $F$
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$G_{1}U\cdots UG_{\iota}$ (faithful)
3 $F\subseteq K[\overline{X},\overline{A}J$ $\{(S_{1}, G_{1}), \ldots, (S\iota, G\iota)\}$ ($F$ )
$K[\overline{X},\overline{A}]$ $G_{1}U\cdots\cup G_{l}\subseteq\langle F\rangle$
$F\subseteq K[\overline{X},\overline{A}]$ $\{(S_{1}, G_{1}), \ldots, (S_{l}, G_{\iota})\}$
$\overline{a}\in L^{m}$ $\sigma_{\delta}[G_{1}U\cdots\cup G_{\iota}]\subseteq$ (\mbox{\boldmath $\sigma$}\mbox{\boldmath $\delta$}[ \rangle
$\overline{a}\in S_{1}$ $i=1,$ $\ldots,l$ $\sigma_{\delta}[G:]$ $\langle\sigma_{\overline{a}}[F]\rangle$





$T(\overline{X},\overline{A})$ q, $T(U,\overline{X},\overline{A})$ $U\gg\overline{X}\gg\overline{A}$
$<_{U,X,A}$ $f\in K[U,\overline{X},\overline{A}]$ $\mathrm{h}\mathrm{c}_{\overline{X},\overline{A}}(f)\in K[\overline{X},\overline{A}]$
$(K[\overline{X},\overline{A}])[U]$
$F\subseteq K[\overline{X},\overline{A}]$ $h\in K[U]$ . $F=\{h\cdot f\in K[U,\overline{X},\overline{A}] : f\in F\}$
$\sigma^{*}$ : $K[U,\overline{X},\overline{A}]arrow K[\overline{X},\overline{A}]$ $\sigma^{\ell}(U)=1$
1 $F\subseteq K[\overline{X},\overline{A}]$ sK[ $K[U,\overline{X},\overline{A}]$ $G\subseteq\{U\cdot F\cup(U-1)\cdot S\rangle$
$K[\overline{X},\overline{A}]$ $\sigma^{*}[G]\subseteq(F\rangle$
[6]
2 $F$ $K[\overline{X},\overline{A}]$ $S$ $K[\overline{A}]$ $UU\overline{X}U\overline{A}$ $T(U,\overline{X},\overline{A})$
$<_{U,\overline{X},\lambda}$ < $U\gg\overline{X}\gg x,\lambda^{\overline{A}}$ $G$ $K[U,\overline{X},\overline{A}]$
$\langle U\cdot F\cup(U-1)\cdot S\rangle$ $<_{U,R,\lambda}$
$\mathrm{h}\mathrm{c}_{X,\overline{A}}(g)\not\in K[A]$ $g\in G\backslash K[\overline{X},\overline{A}]$ $\mathrm{h}\mathrm{c}_{\overline{A}}(g)(\overline{a})\neq 0$
$\overline{a}\in V(S)\cap V((F\rangle\cap K[\overline{A}])$
$L[\overline{X}]$ \mbox{\boldmath $\sigma$}\mbox{\boldmath $\delta$}[\mbox{\boldmath $\sigma$}[ ] $\langle\sigma_{\overline{a}}[F]\rangle$
1. 2. $\sigma^{*}[G]$
–
$F\subseteq K[X,\overline{A}]$ CGBMain$(F, \emptyset)$ $\mathrm{C}\mathrm{G}\mathrm{B}(F)$
CGBMain
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: $F\subseteq K[\overline{X},\overline{A}]$ , $S\subseteq K[\overline{A}]$
$G:=$ ReducedGB $(\langle U\cdot F\cup(U-1)\cdot S. <_{U,\overline{X},\overline{A}})_{j}$
if $1\in\langle S\rangle$ then
return $\{(V(S),\sigma^{*}[G])\}$ :
else
$\{h_{1}, \cdots,h_{l}\}:=\{\mathrm{h}\mathrm{c}_{X}(g) : g\in G\backslash K[\overline{X},\overline{A}],\mathrm{h}\mathrm{c}_{\overline{X},X}(g)\not\in K[\overline{A}]\}$ ;
$h:=1\mathrm{c}\mathrm{m}$ { $h_{1},$ $\ldots$ , \iota };
return $\{(V(S)\backslash V(h),\sigma^{\mathrm{r}}[G])\}U$




: $F\subseteq K[\overline{X},\overline{A}\mathrm{J}$ , $<_{\overline{X}}$ : $T(\overline{X})$
$<_{U,\overline{X},\overline{A}}:=T(U,\overline{X},\overline{A})$ $U\gg\overline{X}\gg\overline{A}$
$<_{\overline{X}}$ ;
$\{(S_{1}, G_{1}), \ldots, (S_{l}, G_{l})\}:=\mathrm{C}\mathrm{G}\mathrm{B}\mathrm{M}\mathrm{a}\mathrm{i}\mathrm{n}(F,\emptyset)$ ;
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